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1.  Introduction 


In  several  recent  papers  [1]  - [4]  we  have  reported  results  on  growth 
estimates  for  solutions  to  initial-history  boundary  value  problems  associated 
with  integrodifferential  equations  and  have  presented  applications  in  mechanics 
(viscoelasticity)  and  electromagnetic  theory  (rigid,  nonconducting  material 
dielectrics) . The  problems  examined  may  all  be  placed  in  the  following 
common  abstract  setting:  Let  H,  H+  be  real  Hilbert  spaces  with  inner-products 
< , > and  < , >+  respectively,  and  associated  natural  norms  ||(*)||  and 
I I (’) I I 5 we  assume  that  H+  £ H both  algebraically  and  topologically  with 
Y > 0 the  embedding  constant  for  the  identity  map  i:  H+  •+•  H.  Let  H_  be  the 
dual  space  of  H+  via  the  inner  product  of  H,  so  that 

| | v | |_  “ SUP  H < ^ > VllwlU.  and  let 

W € H+ 

N e Ls(H+,H_),  K(-)  € L2((-“,»);  Ls(H+,H_)) 

where  Lg(H+,H_)  denotes  the  space  of  all  bounded  linear  maps  from  H+  Into 
H_.  We  then  consider  the  abstract  initial-history  value  problem  for 
u t C2([0,T);  H+),  T > 0 

utt  - Nu  + /l0K(t-T)u(T)dX  - 0 
u(0)  - Uq,  u^O)  - Vq  (Uq,  Vq  e H+) 

u(T)  - U(T),  -oo  < T < 0 

Different  assumptions  on  the  past  history  U are  made  in  the  various  applications, 

i.e.  in  [2]  it  is  assumed  that  Ujf*)  £ C1((-oo,0);  H+)  with 

AIR  FORCE  OFFICE  OF  SCIENTIFIC  RESEARCH  (AFSC) 

NOTICE  OF  TRANSMITTAL  TO  DDC 

Thlt  technical  report  has  b :en  reviewed  and  i3 

approved  for  j-vilic  tv'  , •:  JU  Alii  11/0-12  (7b). 

Distribution  is  c .. i lia : 

A.  D • BIiLoE 

Tf'ch-'lrel  Inf r— **M.ion  Officer 


(1.1) 


-2- 


lim_ | |u(t)  - f | | - 0,  lim_| |U  - *|  | - 0,  lim  | |£(t)  | | - 0 and 

t-*f  " t-K)  t-*-“ 

| |u(T)  | |+dt  < 00  while  in  [3]  we  assume  that  IJ  ■ (^,  < t < 0.  In  each 

of  the  applications,  however,  no  definiteness  assumptions  are  made  relative 
to  N or  K(*)«  The  derivations  in  [1]  - [4]  are  based  on  a logarithmic 
convexity  argument  which  requires  that  we  restrict  our  attention,  a priori, 
to  a class  of  bounded  perturbations;  this  idea  of  stabilizing  an  otherwise 


unstable  solution  of  the  ill-posed  problem  (1.1)  is  due  to  F.  John  [5] 


and  for  the  system  (1.1)  it  is  shown  in  [1]  - [4]  that  the  appropriate 

classes  of  bounded  perturbations  are  of  the  form 

(1.2)  N = (v  e C([0,T) ; H ) | sup  | |vj | S N> 

C0,T) 

O 

for  some  N > 0.  In  fact  for  solutions  u £ C ([0,T);  H ) of  (1.1)  which  lie 
in  a class  of  bounded  perturbations  of  the  form  N,  it  has  been  shown  [2] 

i : 

that  the  real-valued  function 

(1.3)  F(t;0,to)  *=  | |u(t)  | |2  + 3(t  + tQ)2,  0 <;  t < T, 


with  3,  t^  arbitrary  nonnegative  real  numbers,  satisfies  the  differential 
inequality 


(1.4)  Ff"  - F 2 2 -2F(2F(0)  + 3),  0 £ t < T 


where 


■ i 

I 

(1-5)  F(t)  - E(t)  + k.  sup  | | K(t) | | . ( + k_  sup||K(t)||. 

[0,°°)  W ->  1 [0,»)  t V 


2 

with  E(t)  * Is | lu^.1  | *-  h < u,  l)u«.  > and  computable  nonnegative  constants. 


Besides  the  obvious  assumptions  on  K required  by  F(0)  < 00  the  only  other 


assumption  made  relative  to  either  N or  K(*)  is  that 


(1.6) 


- < v,  K(0)v  > ^ K 1 1 v| |+t  e H+ 


— - 

^^~~gKXTi — ' St 

TAB 

^r.noanced  P 
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C0,°°)  s + - 


In  the  application  to  one-dimensional  isothermal  viscoelasticity  (1.6)  reduces 

to  the  statement  that  g'(0)  £ -K,  K s T sup  |g"(t)||  where  g(-)  is  the 

CO,00) 

relaxation  function  of  the  material;  it  is  well-known  that  the  relaxation 

functions  of  one-dimensional  isothermal  viscoelastic  materials  must  be 

monotonically  decreasing  in  time  [63  and  (1.6)  simply  says  that  g(«)  must  be 

decreasing  sufficiently  fast  at  t - 0. 

Growth  estimates  for  ||u||  follow  directly  from  the  differential 

inequality  (1.4)  once  special  assumptions  regarding  E(0),  3,  t^ , and  the 

initial  data  Uq,  Vq  are  made;  these  estimates  apply,  as  well,  to  the  well-posed 

situations  previously  considered  in  the  literature,  i.e.,  [7].  The  restriction 

in  [1]  - [4]  to  time  intervals  of  the  form  C0,T),  T < 00  and  solutions  u £ N 

is  crucial  for  the  logarithmic  convexity  argument.  The  purpose  of  this  note  is  to 

prove  that  under  certain  well-defined  circumstances  it  is  impossible  that  there 

2 

exists  a solution  u £ C (CO,00);  H+)  of  (1.1)  which  is  globally  bounded  in  the 
sense  that  it  belongs  to  a class  of  bounded  perturbations  of  the  form 


(1.7) 


N.  - (v  e C(C0,°°) ; H )|  sup  | |v|  | 5 N> 

CO,00) 


for  a prescribed N > Q;  this  will  be  accomplished  by  employing  a mixed  logarithmic 
convexity  - concavity  argument  of  the  type  previously  used  by  this  author  in  [6]; 


4- 


an  application  to  the  evolution  of  the  electric  induction  field  in  a class 
of  rigid  nonconducting  material  dielectrics  is  presented  in  §3. 


2.  The  Global  Nonexistence  Theorem 


In  anticipation  of  the  application  we  have  in  mind  we  shall  assume  a 
past  history  U of  the  form 


(2.1) 


0,  -»  < t < -t. 

n 

-h(t)*  _th  S 1 < 0 


where  > 0 is  an  arbitrary  real  number,  and  ||Uhl|+  e I^C-t^O].  The 


hypothesis  (1.6)  may  be  weakened  to 


(2.2) 


- < v,  K(0)v  > i 0,  Vv  e H+ 


and  we  also  assume  that 


K(t)  - ||K(t)||L  H j satisfies  K(-)  e I^CO,®) 


(2.3)  , K ( t)  - /||Kt||j_  H ^dt  satisfies 

. <(*(•)  e i^to,®)  with  K*(0)  - 0. 

The  class  may  be  modified,  in  view  of  (2.1)  to 

K - (y  E C([-t  H.)  I sup  K-IL  ! s) 

n 

for  N > 0 and  finite  and  we  then  want  to  show  that  the  following  result  obtains 
Theorem  Suppose  K(-)  satisfies  (2.2)  and  (2.3)  and 

E(0)  - *a|  Ivfll  | - JJ0»  Ji  ^0  > < 0 with  < uQ,  Vq  > > 0.  If,  for  N0  > 0 

(finite) 


dt  satisfies 
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(2.4)  |E(0)|  + IIk*IILi[0.)> 

there  can  not  exist  a strong  ^solution  of  (1.1)  which  lies  in  m (NJ^  with 


N * Nq)  • 


Proof:  Assume  that  u is  a strong  solution  of  (1.1)  with  j u £ Nq  „ i.e., 

sup  ||u||+  ^ Nq,  and  set  G(t)  - ||u(t)||2.  Then  G'  - 2 < u,  ut  >, 

C"th*")  "* 

» 1 O 

G = 2 | I u t | | + 2 < u,  u^  > and  for  any  $ > 0 we  have  by  direct  computation 

(2.5)  GG"  - (3H)g'2  - 4(e+l)Ug  + 2G(<u, ^ > - (28fl)  | [ufc  | | 2) 

9 9 9 

where  lig(t)  = | |u|  | | |^t  | | - < ji,  _ut  > ^ 0 by  the  Schwarz  inequality.  Thus 

for  any  3 > 0 


(2.6) 


Gg”  - (3+1)g'  2 :>  2GRft,  0 s t < 00 


where,  in  view  of  (1.1)  and  (2.1) 


(2.7) 


Rg(t)  “ < u , N u > - (23fl)  | |,utl  T 

- < u,  J*  K(t-T)u(T)dT  > 

“ h”" 


Now  rewrite  (2.7)  in  the  equivalent  form 


(2.8)  Rg(t)  - -(2fr-l)(|  |ut|  |2  - < u,  N u >) 

- 23  < u,  N u > - < u,  JC  K(t-T)u(T)d X > 

“*  ~ h“ 

- -2(23*l)E(t)  - 23  < u,  N u > 

- < u,  £ K(t-T)u(T)dT  > 

h“ 

(1)  (j  e C2([0,°°);  H+)  is  a strong  solution  provided  u^.  £ C1([0,°°);  H+)  and 

utt  e C([0,°°) ; H_). 
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and  then  take  the  inner-product  (in  H)  of  (1.1)  with  iit  and  integrate  to 
obtain 


(2.9)  E(t)  = E(0)  - Jjj  < uT,  K(T-X)u(X)dX  > dT 

h 

Sustitution  of  (2.9)  into  (2.8)  now  yields 

(2.10)  R&(t)  = -2(23+l)E(0)  - 20  < u,  N u > 

+ 2(23+1)  /Jj  < ut>  flt  K(T-X)u(X)dX  > dT 

h 

- < u,  Jlt  K(t-T)ji(T)dT  > 
h 

We  now  take  the  inner-product  (in  H)  of  (1.1)  with  u(t)  and  obtain,  in  view 
of  the  definition  of  G(t) 


(2.11) 

which,  in  turn,  implies  tha 


*sg'  “ llntU2  + < u,  N u ^ - < u,  JC  K(t-T)u(T)dT  > 

h“ 


(2.12)  -23  < u,  N u > = -3F  + 23| |ut| |2 

-23  < u.  J*  K(t-T)u(T)dT  > 

"V 

Substituting  from  (2.12)  into  (2.10)  then  yields 


(2.13)  Rg(t)  - -3g"-  2(23+l)E(0)  - (23+1)  < _u , /!t  K(t-T)u(T)dT  > 

h 

+ 2(23+1)  Jq  < uT,  Jlt  £(T-X)u(X)dX  > dT 

n 

and,  therefore,  the  differential  inequality  (2.6)  is  equivalent  to 


it. 
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I 


• 1 ftj-1  1 2 - rt 

(2.14)  GG  - (j^)  G 2 - ^*GE(0)  - 2G  < u,  /.t  K(t-T)u(T)dT  > 

h 

+ 4G  /o  <-T’  J-t  ^T-X)i(X)dX  > dT 

h 

« 2GC2 | E(O) | - < u,  J*  K(t-T)u(T)dT  > 

h” 

+ 2 Jj  < uT,  /^tjC(T-A)u(A)dA  > dT]. 

However , 

< uT,  jT_t  K(T-A)u(A)dA  > = - < u(T),K(0)up)  > 

” h 

- < u(T),  J*  JCT(T-A)u>(A)dA  > 

h 

+ < ,u(t) , flt  K(T-A)u(A)dA  > 

h 

and,  therefore,  (2.14)  may  be  rewritten  in  the  form 

(2.15)  GG"  - (yf^)  g'2  2>  2GE2|E(0)|  - 

2 /o  <i.(T^  /^t  Rr(t-x)ju(^)dA  > 

- 2 < u0,  /°  K(-T)<u(X)dT  > 

h 

+ < u,  flt  K(t-X)u(T)dX  > ] 

h" 

where,  in  view  of  our  hypothesis  relative  to  K(0)  we  have  dropped  the  term 
- /p  < ^(X) , ^(OAu(x)  > dX.  The  following  estimates  for  the  integrals  on  the 
right-hand  side  of  (2.15)  now  obtain: 


V 
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I < u /°r  K(-T)j^T)dT  > I s 

h 

Iboll  /!t  llt^lll  (H  ,H  ) I li(T)  I I+1*1  s 
h s + — 

TllsolU  r S“P„  lbll+  l°.t  i l£<-T> lit  m ,H  )dT  s 

L-t,  ,OJ  h s + - 

n 

^-:>llall+)2  /oh  i 1 1 L >** 

h s + - 


so  that 


(2.16)  - < Uq,  J°t  K(-T)u(T)dT  > * -wjl  |K|  |l  [0>oo) 

h 1 


Also, 


| < U,  /C  K(t-T)u(T)dT  > | < 

~ h~ 

Hull  flt  I |K(t--r>  | lL  (H  >H  jlliCrJl^dT  £ 

<4UJ->  ' l+)2  I-  tj  I lLB(H+.B.)dT 


.2  ,t+th 


S™  /„  l|lCWIIt  („  „ ,dX 

S “T  “ 


and,  therefore. 


•17)  < u,  /!th*<t-t)u<T)d‘U  > * -wJ||K||l  Co,.) 


Finally, 
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i 

I /q  < u(T)>  /It  ^ (x-A)_u(A)dA  > <JT  | < 

~ h~ 

/ J | < u(T),  flt  JCT(T-A)_u(A)dA  > | dT  < 

h 

Q (|U^)||  fir  II£t<T-X>Ml  (H  ,H  )lli(A)ll+dA)dT 

n s + * — 

! S v 1 W '+)2  r0  l\  IlSr^llt  (H  „ )<*<" 

• Y ([-H-)  ' ^"+)2  Q (H  ,H  )iPdT 

s + - 

~ -OO  T+th 

*y*o  Jo  (K*(P)  l0  )dT 

= YNq  /”^*(T+th)dT 

- Wj  /^K*(A)dX  £ TO^I^IIl^o  .) 

in  view  of  our  assumption  that  K*( 0)  = 0.  Thus, 

(2.18)  - JJ  <u(T),  /!t  Kj(T-A)u(A)dA  > dT  > -YnJ||K*||l  [Q>oo) 

■1  hi 

Combining  the  estimates  (2.16)  - (2.18)  with  the  differential  inequality  (2.15) 

now  yields 

I 

f * ft4-l  f 9 9 * 

(2.19)  GG  - CjggjG  * 2G[2 1 £(0)  | - 3YN^{  | |#C|  |L  [0>oo)  + | |K  | lL 

I ' 

and  in  view  of  our  hypothesis  (2. 4), relative  to  |E(0)|,  (2.19)  implies  that 


Now  set  a(g)  - &H/2W-1;  note  that  Jj  < u(g)  < l,  for  all  3 > 0,  with  u(g)  -+  ij 
as  3 -*-  + 00  and  a (3)  -*■  1 as  3 -*•  0+.  Let  H(t)  be  any  real  valued  nonnegative 
twice  continuously  differentiable  function  on  [O,00)  and  Y any  real  number 
0 < Y < 1;  then 

(2.21)  [H(1'Y)]"(t)  = (l-Y)H“Y‘1(t)[H(t)H,,(t)  - YH^t)] 

Applying  this  last  identity  with  G(t)  in  place  of  H(t),  and  Y = “(3),  for 
any  3 > 0,  and  using  (2.20)  we  easily  find  that 

(2.22)  CG(1_Ct(3))]  "(t)  £ 0,  0 < t < oo 


which  implies  that 

(2.23)  [G(1-a(3))]  ’(t)  ^ [G(1“a(3))] ’(0) 

- (l-a(3))G~a(e)(0)  g’(0) 


A second  integration  then  yields 


(2.24) 


G(l-“(3))(t)  ^ (i-a(3))G-a(6)(0)G ’(0)t  + G(1"“(6)) 


(0) 


G(1  + (1 


-“<6»  (%<w)t] 


and  as  (l-a(3))  > 0,  for  all  3 > 0, 

(2.25)  G(t)  2:  G(0)  [1  + (l-a(B)) 


1 

l-a(3) 


Clearly,  it  follows  from  (2.25)  and  the  fact  that  G ’(0)  = 2 < u„,  v > > 0 
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that  lim  G(t)  * + 00 . But  G(t)  * ||^(t)||^  and  therefore  lim  )[“(*)  ||^  ■ + 
t -*■  + °o  + 

However,  via  the  embedding  of  H+  into  H,  | [u(t) | | < Y| |u(t) | | , 0 £ t < °°,  and 

so  lim  | |u(t)  1 1+  * + 00 , which  implies  that  sup  | |u(t)  | | “ + 00 » 

t -*■  + ® ~ [-t  ,°°)  " 

n 


contradicting  the  assumption  that  u £ N 


Q»  E.D. 


Remark  The  above  Theorem  has,  of  course,  an  immediate  converse,  i.e.,  if  there 

i 

exists  a strong  solution  u £ of  (1.1)  then  E(0)  must  either  be  nonnegative 

•m 

or,  if  E(0)  < 0,  then  |E(0)|  must  be  sufficiently  small,  i.e., 

|E<0)|  <|T«J(|Wllit0>.)  + IIK‘11^0,.)) 

2 

If  N satisfies  an  appropriate  definiteness  condition,  e.g.,  < v,  N v > ^ X||v||^, 
j/v  £ H+,  A > 0 then 


2E(0)  = | IvqI | - < Uq,  Nu^  > 

5 IIvqM2  - xl  IuqI I2  < o 

2 2 

Provided  M |+  > I |vq| I • In  particular  we  would  then  have 
2jE(0)|  > *||.u0l|2  - ILSqIJ2  and»  therefore»  lf 


•Wl  l * rlbio1!2  + nr  (IIkIILi[o,co)  + 

= x IKII2  +X(Y*X»V 

it  follows  that  no  strong  solution  of  (1.1),  with  initial  data  u^,  v^,  could 

t 

exist  in  Nq  oo;  this  result  is  noo-trivial  only  if 

x(y,x,n0)  < 
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which  will  certainly  be  the  case,  for  any  NQ  > 0 and  finite,  if  the 
coerciveness  constant  X is  sufficiently  large  and/or  the  embedding  constant 
Y is  sufficiently  small. 

RmarV  Under  appropriate  assumptions  on  E(0)  relative  to 


! i 


[0 


sup  11*11/  (-H  H ) and  SUP 

0,°°)  VV-'  [0,°°) 


|K  ||.  . .it  has  been  shown  in  [2]  that 


| |^i|  | must  grow  exponentially  on  C0,T),  T > 0 finite,  for  \i  £ M.  if 
we  replace  W by  N.  ^ the  exponential  growth  estimates  for  ||u||  in  [2] 
remain  valid  on  [0,T)  but  we  can  not  take  the  limit  as  T + 00  in  [2] 
in  view  of  the  basic  hypothesis  of  that  paper,  i.e.,  (1.6). 

Remark  The  estimate  (2.25),  valid  for  all  & > 0,  in  fact  implies  that 


G(0)  ^(fcw  fc)  ’ 0 


G(t)  £ G(0)  lim  [1  + (1 
6 -*•  0+ 


t] 


1 

l-a($) 


s t < 00 


1 


in  view  of  cx(|3)  -►  1~  as  3 -*■  0+  and  the  elementary  fact  that  lim  (1+Xx)  - e* 

X 0+ 


3.  An  Application  in  Electromagnetic  Theory 

In  two  recent  works  [3],  [7],  we  have  considered  the  behavior  of 
electric  fields  and  electric  displacement  fields  in  rigid,  nonconducting 
dielectrics  with  memory  of  the  type  introduced  by  Hopkinson  [8]  in  an 
effort  to  understand  the  phenomena  of  residual  charge  in  Leyden  jars.  The 
Maxwell-Hopkinson  dielectric  is  governed  by  the  pair  of  constitutive  equations 


f . D^t)  = e E(&t)  + /rjKt-T)E(x,T)dT 


(3.1) 


{ H «=  y-1  _B_ 


1 


. — » 4 
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where,  of  course,  E.,  and  ^ are  , respectively,  the  electric  displacement 
(or  induction)  field,  the  electric  field,  the  magnetic  intensity,  and  the 
magnetic  induction.  It  is  usually  assumed  that  <)>(t),  t t 0,  is  a (sufficiently) 
smooth  and  monotonically  decreasing  function  of  t.  The  fields  D,  H are 
introduced  so  as  to  simplify  the  formulation  of  Maxwell's  equations  and,  in 
particular,  = cq]L+  L. where  > 0 is  a known  physical  constant  and  P is 
the  polarization  field  vector  in  the  dielectric,  which  is  assumed  to  be 
nonconducting  (i.e.,  no  free  mobile  charges  so  that  div  D = 0) . 

Let  !1  £ Rn  be  a bounded  open  domain  with  smooth  boundary  9(2  (smooth 
enough  to  apply  the  divergence  theorem) . Let  (2  c ft.  We  assume  that  (2/(2 
is  filled  with  a perfect  conductor,  so  that  D = in  (2/(2  and  on  9(2,  and 
that  (2  is  filled  with  a nonconducting  rigid  dielectric  of  Maxwell-Hopkinson 
type  so  that  the  constitutive  equations  (3.1)  apply  in  (2.  On  9(^2, 
i.e.,  at  the  interface  between  the  dielectric  and  the  perfect  conductor, 

I)  • n «=  0 where  n is  the  unit  outward  normal  to  9(2.  It  has  been  shown  in 
[3]  that  if  we  combine  Maxwell's  equations  in  (2,  with 
(i)  the  constitutive  relations  (3.1)  with 

f .0.  -“  < * < -t„ 

1 Eh(x,T),  — th  £ T < o 

equation 

c"1  <J>(t-T)D(x,T)dT 

~ n “ “ 


E(x.T) 


for  some  t,  > 0 
h 


(ii)  the  inverted  constitutive 


-lr 


E(x,t)  - e D.(x,t)  + 
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( 4>(t)  - l (-l)V(t) 

n-1 


l 


♦ *(t)  - c_1«Kt),  <frn(t)  - /*  $ (t-T)4>n_1(T)dT,  n 2 2 

"n 


obtained  from  (3.1^)  via  the  usual  method  of  successive  approximations  and 
(iii)  the  elementary  vector  identity 

Aa  “ grad(div  A)  - curl  curl 

valid  for  A(*)  sufficiently  smooth  on  5)  (and  applied  to  E(*,t)  at  each 

t £ [-t  ,°°))  we  obtain  the  following  equation  for  the  evolution  of 
h 

the  components  Di(x,t)  of  the  electric  displacement  field  in  8 * [-t^,“>) : 
92D 

(3.2)  (x,t)  - i V2Di^x,t)  - i llt  3>(t-T)V2Di(x/T)dT  - 0 

9t  h 

where  k ■ eh.  From  the  homogeneity  of  (3.2)  and  the  fact  that  J)  * ^ in  ft/ft 

it  follows  that  (3.2)  is  satisfied  everywhere  in  0 for  -t  £ t < °°.  On 

n 

3ft  we  have 


(3.3a) 


Di(x,t)  = 0,  (x,t)  £ 3ft  * Oth,“) 


and  to  this  we  append  initial  data  of  the  form 

3D. 


(3.3b) 


D^x.O)  = f±(x),  (x,0)  * gi(x)»  x e fl 


where  it  is  assumed  that  f^(»)*  8^(0  are  continuously  differentiable  on  5) 
and  vanish  identically  in  ft/ft.  In  view  of  (3.2)  and  the  previous  specification 
of  a past  history  for  E(x,t)  we  also  have 
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(3.3c) 


D(x,T) 


^0,  _«  < X < -t 


D (x,T),  -t  s X < 0 


for  x £ (1. 


.3  _ 


If  we  now  take  for  H,  H+,  H_  the  common  Sobolev  spaces  H « 2 i 2 

H+  - (Hq(«)  ) 3 = hJ(«),  and  H_  - (H_1(fi))3  5 tf-1©)  and  define  operators 
1 e Jlf1)  and_K(-)  £ L2((-»,«);  H'1))  via 


(3.4a) 


-2 

1 3 Vi 


v e hJ(&) 


(3.4b)  (K(t)v)1  - - $(t)(Nv)it  v e Hj(n),  t e [-th>») 


then  the  initial-history  boundary  value  problem  (3.2),  (3.3a)  - (3.3c)  assumes 
the  form 


(3.5) 


J>tt  - £I£  + K(t-T)JD(T)dT  - 0,  -tfa  s t < » 

£(0)  -^(0)  - _g 


D(T) 


0,  -<*>  < x < -t 

h 

J>hCO.  _th  s T < 0 


2 1 

an  initial-history  value  problem  for  e C ([-t^,00) ; JJq) , where  we  need  only 

assume  that  _f_,  g eJJq((2)»  I 1 ^ £ L^[-t^,0),  and  where,  of  course,  it  is 

Hq 


understood  that  the  derivatives  in  (3.4a),  (3.4b)  are  to  be  taken  in  the 
distribution  Bense. 

* 1 * 

For  the  spaces  Lg(fl),  Jjg(fl)  introduced  above  we  have  the  familiar  inner- 


products 


The  set  N introduced  in  §2  thus  has  the  form 

0,°° 


• 1 3vi  ^i  k 

“o  - - <2  £ C(C-tk.«)j  Ho<n)l  »up  t/„  J-  3J-  d,]’  s »„) 

[~t»  ,°°)  j j 


while 


(3.8) 


%llg||£  - * < *.  5 £ >L 

~ ~2  Z2 


1 i 

**  ^n8i8i  d*  " 2k  fn  fi  dx 


9f.  9f j 


% - Ik  tjMj  ^ Ojdx  - /a  9^-  3JJ  1i 

1 3f!  3fi 

* c fa  gi8i^  + 


>»  ui&iiL  nui'i] 

~2 


so  that  E( 0)  < 0 iff  k < 0 with  |k|  > 


ii.ll2 1 

\ 

Wl\2 


Also,  for  any  E 


(3.9)  - < v,  K(0)  v >L  - - /n  v±  n<K(0)^]jL  dx 

* • V 

‘ ^k21  k V1  its:  d* 


if  k < 0 and  4>(0)  2 0.  Note  now  that 


(3.10)  | |K(t) | | L gjL'  H-l) 


sup 


l/^i  CK(t)v]i  dx 


Ivll2! 

So 


a2 
3 v. 


sup 

^e«o 


l-fa  vi  9xiaxi  diil 

M*l  bj  l2x 
So 


|4(t) |/|k| , -<*>  < t < ® 


and  that,  in  a similar  manner, 

(3.11)  l|Kt(t)||L  (H1^  H-l}  - |#(t)|/|k| 

Therefore,  for  the  problem  at  hand  we  have 

(3.12)  f((t)  - |*(t)|/|k|,  K*( t)  - -|£|-  / |*(t)|dt 
and  the  hypotheses  (2,3)  will  be  satisfied  provided 

Q |*(t)|dt  < “,  / |4>(t)  | dt  1 1-()  - 0,  and 

Q !q  l*<*>  |d*dt  < ». 

With  the  above  hypotheses  relative  to  k,  |4>(*)|»  |fl>(*)|.  4>(0)  , and  the 

* • fc 

additional  assumption  that  < f,  e>  > 0 it  then  follows  from  the  Theorem 

“ —2 

of  §2  that  if  for  Nq  > 0 (finite) 
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(3.13)  Hill2!  2 lkl  -Hill?  + 3YnJ  [ C |*(t)|dt 

Hq  —2 

+ Q Iq  |i(A)|dAdt] 


there  can  not  exist  a strong  solution  of  the  initial-history  value  problem 

I 

(3.5)  which  lies  in  the  class  of  bounded  perturbations  M-.  . In  passing, 

u, 

we  remark  that  Y,  the  embedding  constant  for  the  identity  map  i: 

H^j(ft)  ■*  1*2 (^)  depends  soley  on  the  region  ft.  For  ft  such  that  Y Is  very 
small  (<6^)  and  with  a memory  function  <f>(t)  such  that  | |K|  |L  [-q  „)  and 

||<*||L  [o  oo)  are  also  very  small  (<62*6)  (3.13)  is  implied  by 


(3.14) 


I III  I j + V2no 

^0  ~2 


which  indicates  that  as  0 the  existence  inM^  o of  a solution 

u to  the  initial-history  value  problem  (3.5)  depends  essentially  on  the 
relationship  between  the  relative  magnitudes  injlg  and ^ tbe  initial-values 
of  the  electric  displacement  field  and  its  first  time  derivative. 


* % 
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